
Îïðåäåë¼ííûé èíòåãðàë. Îñíîâíûå ïîíÿòèÿ
Ìàòåì. àíàëèç

ëèñòîê 30

Îïðåäåëåíèå: Íàçîâåì ðàçáèåíèåì {T} îòðåçêà [a; b] ìíîæåñòâî òî÷åê

{x0; x1; x2; x3; . . . ;xn}, òàêèõ, ÷òî a = x0 < x1 < . . . < xn = b.

Îïðåäåëåíèå: Íàçîâåì äèàìåòðîì ðàçáèåíèÿ äëèíó íàèáîëüøåãî èíòåðâàëà ðàçáèåíèÿ,

ò.å. d = max
i

∆xi, ãäå ∆xi = xi+1 − xi, i = 0, n− 1

Îïðåäåëåíèå: Ôóíêöèÿ f èíòåãðèðóåìà ïî Ðèìàíó íà îòðåçêå [a; b] (îáîçíà÷åíèå

f ∈ R[a; b]), åñëè

∃
b∫

a

f(x) dx = lim
d→0

n−1∑
i=0

f(ξi)∆xi, ãäå ξi ∈ [xi;xi+1], (∗)

Çàìå÷àíèå: Çíà÷åíèå ïðåäåëà (∗) íå äîëæíî çàâèñåòü îò âûáîðà òî÷åê xi è ξi.

Îïðåäåëåíèå: Âûðàæåíèå Sn = Sn(f) =
n−1∑
i=0

f(ξi)∆xi íàçûâàåòñÿ èíòåãðàëüíîé ñóììîé

ôóíêöèè f íà îòðåçêå [a; b], îòâå÷àþùåå ðàçáèåíèþ {xi}.

Îïðåäåëåíèå: s(f) =
n−1∑
i=0

mi∆xi, ãäå mi = inf
[xi;xi+1]

f(x) � íèæíÿÿ ñóììà Äàðáó.

S(f) =
n−1∑
i=0

Mi∆xi, ãäå Mi = sup
[xi;xi+1]

f(x) � âåðõíÿÿ ñóììà Äàðáó.

I∗ = sup
{T}
{s(f)} = lim

d→0
s(f)− íèæíèé èíòåãðàë Äàðáó.

I∗ = inf
{T}
{S(f)} = lim

d→0
S(f)− âåðõíèé èíòåãðàë Äàðáó.

Òåîðåìà (êðèòåðèé Ðèìàíà èíòåãðèðóåìîñòè ôóíêöèè íà îòðåçêå):

Äëÿ ∀ε > 0 ∃{T} : |S − s| < ε ⇐⇒ f èíòåãðèðóåìà ïî Ðèìàíó íà [a; b].

Çàìå÷àíèå 1: ∃ lim
d→0

s = lim
d→0

S ⇐⇒ f èíòåãðèðóåìà ïî Ðèìàíó íà [a; b].

Çàìå÷àíèå 2: ∃ lim
d→0

n−1∑
i=0

wi(f)∆xi = 0 ⇐⇒ f èíòåãðèðóåìà ïî Ðèìàíó íà [a; b], ãäå

wi(f) =

∣∣∣∣∣ sup
[xi;xi+1]

f(x)− inf
[xi;xi+1]

f(x)

∣∣∣∣∣ . Íàïîìíèì, ÷òî âûðàæåíèå wi(f) íàçûâàåòñÿ êîëåáàíèåì

ôóíêöèè f íà îòðåçêå [xi;xi+1].
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Òåîðåìà Ïóñòü âûïîëíåíî îäíî èç óñëîâèé:

1. f íåïðåðûâíà íà îòðåçêå [a; b];

2. f îãðàíè÷åíà è ìîíîòîííà íà îòðåçêå [a; b];

3. f îãðàíè÷åíà è èìååò íà [a; b] êîíå÷íîå ÷èñëî òî÷åê ðàçðûâà.

Òîãäà ôóíêöèÿ f èíòåãðèðóåìà ïî Ðèìàíó íà îòðåçêå [a; b].

Îïðåäåëåíèå: Ìíîæåñòâî X íàçûâàåòñÿ ìíîæåñòâîì ìåðû íóëü (ïî Ëåáåãó), åñëè ∀ε > 0

ñóùåñòâóåò êîíå÷íàÿ èëè ñ÷¼òíàÿ ñèñòåìà èíòåðâàëîâ, ïîêðûâàþùàÿ âñå òî÷êè ìíîæå-

ñòâà X, ïðè÷¼ì ñóììà äëèí ýòèõ èíòåðâàëîâ ìåíüøå ε.

Òåîðåìà (êðèòåðèé Ëåáåãà èíòåãðèðóåìîñòè ôóíêöèè íà îòðåçêå):

f èíòåãðèðóåìà ïî Ðèìàíó íà îòðåçêå [a; b], òîãäà è òîëüêî òîãäà, êîãäà ìíîæåñòâî å¼

òî÷åê ðàçðûâà èìååò ìåðó íóëü.

Óòâåðæäåíèå (íåïðåðûâíîñòü èíòåãðàëà):

Åñëè ôóíêöèÿ f èíòåãðèðóåìà íà îòðåçêå [a; b], òî ôóíêöèè

F (x) =

x∫
a

f(t) dt è G(x) =

b∫
x

f(t) dt

íåïðåðûâíû íà ýòîì îòðåçêå.

30.1. (2181, 2182, 2186, 2191)

Îáúÿñíèòå èíòåãðèðóåìîñòü ôóíêöèè f è íàéäèòå èíòåãðàë
∫
{x}

f(x) dx ñ ïîìîùüþ èíòå-

ãðàëüíûõ ñóìì, åñëè:

(à) • f(x) = x2, {x} = [−1; 2]; (á) f(x) = 1 + x, {x} = [−1; 4];

(â) f(x) = x3, {x} = [1; 3]; (ã) f(x) =
1

x
, {x} = [a; b], (0 < a < b);

(ä) f(x) = ax, a > 0, {x} = [0; 1]; (å) ? f(x) = ln x, {x} = [1; 2].

30.2. Äîêàæèòå ñëåäóþùåå

Óòâåðæäåíèå (êðèòåðèé Êîøè èíòåãðèðóåìîñòè ôóíêöèè íà îòðåçêå):

Ôóíêöèÿ f èíòåãðèðóåìà ïî Ðèìàíó íà îòðåçêå [a; b], òîãäà è òîëüêî òîãäà, êîãäà äëÿ ∀ε > 0

∃δ > 0, ÷òî äëÿ ëþáûõ ðàçáèåíèé {T1}, {T2} îòðåçêà [a; b] ñ äèàìåòðàìè d1 < δ, d2 < δ

âûïîëíÿåòñÿ íåðàâåíñòâî

|ST1(f)− ST2(f)| < ε,

ãäå STi(f) - èíòåãðàëüíàÿ ñóììà ôóíêöèè f íà îòðåçêå [a; b], îòâå÷àþùåå ðàçáèåíèþ {Ti}.
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30.3.

(à) • Ïóñòü ôóíêöèè f è ϕ íåïðåðûâíû íà îòðåçêå [a; b]. Äîêàæèòå, ÷òî

lim
max |∆xi|→0

n−1∑
i=0

f(ξi)ϕ(θi) ∆xi =

b∫
a

f(x)ϕ(x) dx,

ãäå xi 6 ξi, θi 6 xi+1, ∆xi = xi+1 − xi, (i = 0, n− 1).

(á) • Ïóñòü ôóíêöèÿ f îãðàíè÷åíà è ìîíîòîííà íà [0; 1]. Äîêàæèòå, ÷òî

1∫
0

f(x) dx− 1

n

n∑
k=1

f

(
k

n

)
=O

(
1

n

)
, ïðè n→∞.

(â) Ïóñòü ôóíêöèÿ f èìååò ïðîèçâîäíóþ f ′ â íåêîòîðîé îêðåñòíîñòè òî÷êè x, ïðè÷¼ì

f ′ íåïðåðûâíà â òî÷êå x. Äîêàæèòå, ÷òî

lim
n→∞

n∑
k=1

(
f
(
x+

k

k2+n2

)
− f(x)

)
= f ′(x) · ln

√
2.

30.4. Äîêàæèòå, ÷òî ôóíêöèÿ Ðèìàíà R(x) =


1

q
, åñëè x - ðàöèîíàëüíîå ÷èñëî

p

q
,

0, åñëè x - èððàöèîíàëüíîå ÷èñëî.

èíòåãðèðóåìà íà ëþáîì êîíå÷íîì îòðåçêå,

Âû÷èñëèòå èíòåãðàë îò ôóíêöèè Ðèìàíà ïî ïðîèçâîëüíîìó îòðåçêó.

30.5. • Äîêàæèòå, ÷òî ôóíêöèÿ Äèðèõëå D(x) =

1, åñëè x ∈ Q,

0, åñëè x ∈ R \Q;
íå èíòåãðèðóåìà

íà ëþáîì îòðåçêå.

30.6. Èññëåäóéòå ñëåäóþùèå ôóíêöèè íà èíòåãðèðóåìîñòü íà ñåãìåíòå [0; 1] :

(à) f(x) =

 1
x
−
[

1
x

]
, åñëè x 6= 0,

0, åñëè x = 0;
(á) f(x) =

sgn
(
sin π

x

)
, åñëè x 6= 0,

0, åñëè x = 0;

30.7. Ñëåäóåò ëè èç èíòåãðèðóåìîñòè ôóíêöèè |f | èíòåãðèðóåìîñòü ôóíêöèè f?

30.8. Ïóñòü ôóíêöèÿ f èíòåãðèðóåìà íà îòðåçêå [a; b]. Äîêàæèòå, ÷òî

lim
ε→0+0

b−ε∫
a+ε

f(x) dx =

b∫
a

f(x) dx, 0 < ε < b− a.

30.9. Ïîêàæèòå íåêîððåêòíîñòü îïðåäåëåíèÿ èíòåãðàëà, ïðè êîòîðîì

(à) • îòðåçîê ðàçáèâàåòñÿ íà ðàâíûå ÷àñòè, à çíà÷åíèÿ ôóíêöèè áåðóòñÿ â ñåðåäèíàõ

îòðåçêîâ ðàçáèåíèÿ;

(á) íå òðåáóåòñÿ ñòðåìëåíèå ìàêñèìóìà äëèí îòðåçêîâ ðàçáèåíèÿ ê íóëþ.
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30.10. • Ïóñòü ôóíêöèè f è ϕ èíòåãðèðóåìû. Îáÿçàòåëüíî ëè áóäåò èíòåãðèðóåìà èõ

ñóïåðïîçèöèÿ ϕ
(
f
)
?

30.11. (ñîîòíîøåíèå èíòåãðèðóåìîñòè è ñóùåñòâîâàíèÿ ïåðâîîáðàçíîé íà îòðåçêå)

Óñòàíîâèòå, âåðíû ëè ñëåäóþùèå óòâåðæäåíèÿ:

(à) Ëþáàÿ èíòåãðèðóåìàÿ íà ñåãìåíòå ôóíêöèÿ èìååò ïåðâîîáðàçíóþ íà í¼ì;

(á) Ëþáàÿ ôóíêöèÿ, èìåþùàÿ ïåðâîîáðàçíóþ íà ñåãìåíòå ÿâëÿåòñÿ èíòåãðèðóåìîé íà

í¼ì.

30.12. Äîêàæèòå, ÷òî äëÿ ñóùåñòâîâàíèÿ îïðåäåë¼ííîãî èíòåãðàëà ôóíêöèè f íà èí-

òåðâàëå (a; b) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ïî çàäàííûì ÷èñëàì ε > 0, σ > 0 ìîæíî

áûëî íàéòè òàêîå δ(ε, σ) > 0, ÷òî ïðè äèàìåòðå ðàçáèåíèÿ d < δ, ñóììà
∑
i′

∆xi′ äëèí òåõ

èíòåðâàëîâ, êîòîðûì îòâå÷àþò êîëåáàíèÿ ôóíêöèè wi′(f) > ε ñàìà ìåíüøå σ.

30.13. (2200, 2202)

(à) Ïóñòü f èíòåãðèðóåìà íà îòðåçêå [a; b]. Äîêàæèòå, ÷òî |f | èíòåãðèðóåìà íà [a; b],

ïðè÷¼ì

∣∣∣∣∣∣
b∫

a

f(x) dx

∣∣∣∣∣∣ 6
b∫

a

|f(x)| dx.

(á) Ïóñòü ôóíêöèÿ f(x) èíòåãðèðóåìà íà [a; b] è c 6 f(x) 6 d äëÿ ∀x ∈ [a; b]; ïóñòü

ôóíêöèÿ ϕ(y) íåïðåðûâíà íà [c; d]. Äîêàæèòå, ÷òî èõ ñóïåðïîçèöèÿ ϕ
(
f(x)

)
èíòåãðèðóåìà

íà [a; b].

30.14. ? Îïðåäåëèòå âñå èíòåãðèðóåìûå íà îòðåçêå [0; 1] ôóíêöèè f , óäîâëåòâîðÿþùèå

óñëîâèÿì:

f(x) =
1

3

(
f
(x

3

)
+ f

(
x+ 1

3

)
+ f

(
x+ 2

3

))
, x ∈ [0; 1];

f

(
1

π

)
= 1.

30.15. ? Ôóíêöèÿ f : [a; b] 7→ R äèôôåðåíöèðóåìà è |f ′(x)| 6 1 âñþäó íà îòðåçêå [a; b].

Äîêàæèòå, ÷òî åñëè a = x0 < x1 < . . . < xn = b, max
16i6n

(xi − xi−1) 6
1

b− a
, ξi ∈ [xi−1;xi), òî∣∣∣∣∣∣

b∫
a

f(x)dx−
n∑
i=1

f(ξi)(xi − xi−1)

∣∣∣∣∣∣ 6 1

2
,

è ïîêàæèòå, ÷òî ïðèâåä¼ííàÿ îöåíêà íåóëó÷øàåìà, ò.å. íàéä¼òñÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ

âñåì óñëîâèÿì çàäà÷è, íà êîòîðîé äîñòèãàåòñÿ ðàâåíñòâî.

30.16. ? Ñóùåñòâóåò ëè ôóíêöèÿ f , íåïðåðûâíàÿ íà ïîëóîñè (1; +∞) è òàêàÿ, ÷òî

x2∫
x

f(t)dt = 1, ∀x ∈ (1; +∞)?
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Âû÷èñëåíèå îïðåäåëåííûõ èíòåãðàëîâ
Ìàòåì. àíàëèç

ëèñòîê 31

Òåîðåìà (ôîðìóëà Íüþòîíà - Ëåéáíèöà):

Ïóñòü ôóíêöèÿ f íåïðåðûâíà íà [a; b] è F ′(x) = f(x). Òîãäà ñïðàâåäëèâî ñëåäóþùåå

ðàâåíñòâî:
b∫

a

f(x) dx = F (x)
∣∣∣b
a

= F (b)− F (a).

Òåîðåìà (èíòåãðèðîâàíèå ïî ÷àñòÿì): Ïóñòü ôóíêöèè u è v íåïðåðûâíî äèôôåðåíöèðóåìû

íà [a; b]. Òîãäà ñïðàâåäëèâà ôîðìóëà:

b∫
a

u(x) v′(x) dx = u(x) v(x)
∣∣∣b
a
−

b∫
a

u′(x) v(x) dx

Òåîðåìà (ôîðìóëà çàìåíû ïåðåìåííîé): Ïðåäïîëîæèì, ÷òî: ôóíêöèÿ

ϕ : [α, β] 7→ [c, d] ⊃ [a, b], a = ϕ(α), b = ϕ(β)

íåïðåðûâíî äèôôåðåíöèðóåìà íà [α, β], à f íåïðåðûâíà íà îòðåçêå [c, d]. Òîãäà ñïðàâåäëèâà

ôîðìóëà:
b∫

a

f(x) dx =

{
x = ϕ(t)

dx = ϕ′(t) dt

}
=

β∫
α

f
(
ϕ(t)

)
· ϕ′(t) dt.

Óòâåðæäåíèå (îáîáùåíèå ôîðìóëû Íüþòîíà - Ëåéáíèöà):

Ïóñòü ôóíêöèÿ f èíòåãðèðóåìà íà [a; b], f òåðïèò ðàçðûâû ïåðâîãî ðîäà âî âíóòðåííèõ

òî÷êàõ ci ∈ (a; b), i = 1, n, è, ìîæåò áûòü, â òî÷êàõ a è b. Êðîìå òîãî, ïóñòü F ′(x) = f(x) çà

èñêëþ÷åíèåì òî÷åê ðàçðûâà. Òîãäà ñïðàâåäëèâà ôîðìóëà:

b∫
a

f(x) dx = F (b− 0)− F (a+ 0) +
n∑
i=1

[
F (ci − 0)− F (ci + 0)

]
.

31.1. (2219, 2222, 2223, 2226, 2230)

Ñ ïîìîùüþ îïðåäåë¼ííûõ èíòåãðàëîâ íàéäèòå ïðåäåëû ñëåäóþùèõ ñóìì:

(à) • lim
n→∞

n−1∑
k=1

k

n2
; (á) lim

n→∞

1

n

n−1∑
k=1

sin
πk

n
;

(â) lim
n→∞

1

np+1

n∑
k=1

kp, p > 0 ; (ã) lim
n→∞

1

n

n∑
k=1

2k/n

1 + 1
k·n

(ä) lim
n→∞

1

n

n∑
k=1

f

(
a+ k

b− a
n

)
, f èíòåãðèðóåìàÿ íà [a; b] ôóíêöèÿ;
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31.2. (2211, 2213, 2239, 2242, 2243, 2245, 2246, 2249, 2269, 2279, 2218)

Íàéäèòå ñëåäóþùèå îïðåäåë¼ííûå èíòåãðàëû:

(à) •

2∫
0

|x− 1| dx; (á)

2π∫
0

dx

1 + ε cosx
, (0 6 ε < 1);

(â)

ln 2∫
0

xe−x dx; (ã)

e∫
1/e

|lnx| dx ;

(ä)

1∫
0

arccosx dx ; (å)

1∫
−1

x dx√
5− 4x

;

(æ)

a∫
0

x2
√
a2 − x2 dx, (a > 0); (ç)

1∫
0

arcsin
√
x√

x(1− x)
dx ;

(è)

1∫
−1

x dx

x2 + x+ 1
; (ê)

π∫
0

ex cos2 x dx ;

(ë)

4∫
0

|x− 1|
|x− 2|+ |x− 3|

dx ; (ì) •

2∫
−1

1 + x2

1 + x4
dx ;

(í)

1∫
0

ex arcsin e−x dx ; (î)

2π∫
0

dx

3 + cos x
;

(ï)

100π∫
0

√
1− cos 2x dx .

31.3. (2309, 2310, 2311, 2313, 2315)

Âû÷èñëèòå îïðåäåë¼ííûå èíòåãðàëû îò îãðàíè÷åííûõ ðàçðûâíûõ ôóíêöèé:

(à)

3∫
0

sgn(x− x3) dx ; (á) •

2∫
0

[
ex
]
dx ;

(â)

6∫
0

[x] sin
πx

6
dx ; (ã) •

n+1∫
1

ln [x] dx, n ∈ N ;

(ä)
∫
{E}

| cosx| ·
√

sinx dx, {E}− ìíîæåñòâî òåõ çíà÷åíèé îòðåçêà [0; 4π], äëÿ êîòîðûõ

ïîäûíòåãðàëüíàÿ ôóíêöèÿ èìååò ñìûñë;

(å)

4π∫
0

x sgn(sinx) dx;

(æ) Äîêàæèòå, ÷òî

n+1∫
1

sin πx

[x]
dx = − 2

π

n∑
k=1

(−1)k+1

k
, n ∈ N.
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31.4. (2257)

Äîêàæèòå, ÷òî åñëè ôóíêöèÿ f íåïðåðûâíà íà (0; 1), òî

(à) •

π/2∫
0

f(sinx) dx =

π/2∫
0

f(cosx) dx; (á)

π∫
0

x f(sinx) dx =
π

2

π∫
0

f(sinx) dx.

Çàìå÷àíèå Ïðåäïîëàãàåòñÿ, ÷òî âñå äàííûå èíòåãðàëû ñóùåñòâóþò.

31.5. Èñïîëüçóÿ òåõíèêó èç ïðåäûäóùåãî íîìåðà, íàéäèòå ñëåäóþùèå èíòåãðàëû:

(à)

π∫
0

x sinx

1 + cos2 x
dx ;

(á) •

π/2∫
0

ln
(
sinx

)
dx .

31.6. Âû÷èñëèòå èíòåãðàë In =

π/2∫
0

sinn x dx =

π/2∫
0

cosn x dx äëÿ n ∈ N ∪ {0} è äîêàæèòå

ôîðìóëó Âàëëèñà:

lim
n→∞

(
(2n)!!

(2n− 1)!!

)2

· 1

2n
=

π

2
.

31.7. Âû÷èñëèòå èíòåãðàë Äèðèõëå:

π/2∫
0

sin (2n− 1)x

sinx
dx, n ∈ N.

31.8. Äîêàæèòå ðàâåíñòâî:

1∫
0

arctg x

x
dx =

1

2

π/2∫
0

t

sin t
dt.

31.9. Íàéäèòå ñëåäóþùèå èíòåãðàëû:

(à) •

1∫
−1

dx

(ex + 1)(x2 + 1)
; (á)

π/2∫
0

cos ax · (cosx)a−2dx, a > 1 ;

(â) ?

π∫
0

x sin2n x

sin2n x+ cos2n x
dx, n ∈ N; (ã) ?

π∫
−π

sinnx(
1 + 2x

)
sinx

dx, n ∈ N.

31.10. Ïóñòü ôóíêöèÿ f íåïðåðûâíà íà îòðåçêå [−a; a] è ÷¼òíà. Äîêàæèòå, ÷òî:

a∫
−a

f(x)

1 + ex
dx =

a∫
0

f(x) dx.
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31.11.

(à) ? Çíàÿ, ÷òî

1∫
0

ln (1 + x)

x
dx =

π2

12
, âû÷èñëèòå èíòåãðàë:

1∫
0

ln (1− x3)

x
dx.

(á) ? Íàéäèòå èíòåãðàë

1∫
0

ln (1 + x)

1 + x2
dx.

31.12. ?

(à) Äîêàæèòå, ÷òî lim
n→∞

n∑
k=1

n

n2 + k2
= lim

n→∞

1

n2

n∑
k=1

√
n2 − k2 =

π

4
.

(á) Ïóñòü {εn}∞n=1− ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ âåùåñòâåííûõ ÷èñåë òàêèõ, ÷òî

lim
n→∞

εn = 0. Íàéäèòå ïðåäåë: lim
n→∞

1

n

n∑
k=1

ln

(
k

n
+ εn

)
.

31.13. ? Îïðåäåëèì êëàññè÷åñêèå ìíîãî÷ëåíû Ëåæàíäðà, ñëåäóþùèì îáðàçîì:

Pn(x) =
1

2nn!

dn(x2 − 1)n

dxn
. Äîêàæèòå, ÷òî äëÿ ëþáûõ íàòóðàëüíûõ m è n âûïîëíÿåòñÿ

ðàâåíñòâî:
1∫

−1

Pm(x)Pn(x) dx =
2

2n+ 1
δmn,

ãäå δmn - ñèìâîë Êðîíåêåðà.

31.14. ? Äîêàæèòå, ÷òî ñóùåñòâóåò ìíîãî÷ëåí P (x) òàêîé, ÷òî äëÿ ëþáîãî íàòóðàëüíîãî

÷èñëà n âûïîëíåíî:

n∫
n−1

P (x) dx = n4. Íàéäèòå ñóììó:
n∑
k=1

k4.

31.15. ? Ïóñòü C(α)− êîýôôèöèåíò ïðè x2012 â ðàçëîæåíèè ïî ôîðìóëå Ìàêëîðåíà

ôóíêöèè (1 + x)α. Âû÷èñëèòå èíòåãðàë:
1∫

0

C(−y − 1)

(
1

y + 1
+ . . .+

1

y + 2012

)
dy.

31.16. ? Îïðåäåëèòå âñå íåïðåðûâíûå íà [0; +∞) è ïîëîæèòåëüíûå íà (0; +∞) ôóíêöèè,

óäîâëåòâîðÿþùèå äëÿ ∀x > 0 óñëîâèþ:

(à) 2x

x∫
0

f(t)dt = f(x); (á) sin

 x∫
0

f(t)dt

 =
x

1 + x
.

31.17. ? Ïóñòü h(x) ∈ C[a, b], h(x) > 0 è hn =

b∫
a

xnh(x) dx. Äîêàæèòå, ÷òî ïðè ëþáîì

íàòóðàëüíîì m:

det

∣∣∣∣∣∣∣∣∣∣∣∣

h0 h1 . . . hm−2 hm−1

h1 h2 . . . hm−1 hm

. . . . . . . . . . . . . . .

hm−2 hm−1 . . . h2m−4 h2m−3

hm−1 hm . . . h2m−3 h2m−2

∣∣∣∣∣∣∣∣∣∣∣∣
6= 0.
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Îöåíêè èíòåãðàëîâ. Òåîðåìû î ñðåäíåì
Ìàòåì. àíàëèç

ëèñòîê 32

Îïðåäåëåíèå: Ïóñòü ôóíêöèÿ f èíòåãðèðóåìà íà îòðåçêå [a; b], òîãäà âûðàæåíèå

M [f ] =
1

b− a

b∫
a

f(x) dx íàçûâàåòñÿ ñðåäíèì çíà÷åíèåì ôóíêöèè f íà [a; b].

Óòâåðæäåíèå: Åñëè ôóíêöèÿ f íåïðåðûâíà íà îòðåçêå [a; b], òî ∃ξ ∈ (a; b), òàêîå ÷òî

M [f ] = f(ξ).

Òåîðåìà (Ïåðâàÿ òåîðåìà î ñðåäíåì): Ïóñòü âûïîëíåíî:

1. f è ϕ èíòåãðèðóåìû íà [a; b];

2. ϕ çíàêîïîñòîÿííà íà [a; b];

Òîãäà ∃µ ∈
[
inf
[a;b]

f(x); sup
[a;b]

f(x)
]
, ÷òî

b∫
a

f(x)ϕ(x) dx = µ

b∫
a

ϕ(x) dx.

3. åñëè, äîïîëíèòåëüíî, ôóíêöèÿ f íåïðåðûâíà íà [a; b], òî ∃ξ ∈ [a; b] , òàêîå ÷òî µ = f(ξ).

Òåîðåìà (Âòîðàÿ òåîðåìà î ñðåäíåì): Ïóñòü âûïîëíåíî:

1. f è ϕ èíòåãðèðóåìû íà [a; b];

2. ϕ ìîíîòîííà íà [a; b];

Òîãäà ∃ξ ∈ [a; b] , ÷òî

b∫
a

f(x)ϕ(x) dx = ϕ(a)

ξ∫
a

f(x) dx + ϕ(b)

b∫
ξ

f(x) dx.

3. åñëè ϕ(x) > 0, ϕ(x)↘, òî ∃ξ1 ∈ [a; b] , ÷òî

b∫
a

f(x)ϕ(x) dx = ϕ(a)

ξ1∫
a

f(x) dx.

4. åñëè ϕ(x) > 0, ϕ(x)↗, òî ∃ξ2 ∈ [a; b] , ÷òî

b∫
a

f(x)ϕ(x) dx = ϕ(b)

b∫
ξ2

f(x) dx.

Çàìå÷àíèå: Ïîñëåäíèå äâå ôîðìóëû èíîãäà íàçûâàþò ôîðìóëàìè Áîííå.

32.1. (2316) Îïðåäåëèòå çíàêè ñëåäóþùèõ îïðåäåë¼ííûõ èíòåãðàëîâ:

(à)

2π∫
0

x sinx dx; (á) •

2π∫
0

sinx

x
dx; (â)

2∫
−2

x32x dx;

(ã)

2π∫
0

xa sinx dx, a > 0; (ä)

2π∫
0

xa+1 cosx dx, a > 0.
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32.2. (2317) Îïðåäåëèòå, êàêîé èíòåãðàë áîëüøå:

(à)

π/2∫
0

sin10 x dx èëè

π/2∫
0

sin2 x dx; (á)

1∫
0

e−x dx èëè

1∫
0

e−x
2

dx;

(â) •

π∫
0

e−x
2

cos2 x dx èëè

2π∫
π

e−x
2

cos2 x dx.

32.3. (2319) Íàéäèòå ñðåäíåå çíà÷åíèå ôóíêöèè f íà çàäàííîì ñåãìåíòå:

(à) f(x) = sgnx íà [−1; 2]; (á) • f(x) = sinx · sin (x+ ϕ) íà [0; 2π];

(â) f(x) =
2

ex + 1
íà [0; 2];

(ã) • f(x) =
ρ

1− ε cosx
íà [0; 2π], 0 < ε < 1 (ε - ñðåäíåå çíà÷åíèå äëèíû ôîêàëüíîãî

ðàäèóñà âåêòîðà ýëëèïñà).

32.4. (2323, 2324, 3228, 2330)

Ïîëüçóÿñü òåîðåìàìè î ñðåäíåì, îöåíèòå èíòåãðàëû:

(à)

2π∫
0

dx

1 + 0, 5 cos x
; (á) •

1∫
0

x9

√
1 + x

dx; (â)

200π∫
100π

sinx

x
dx;

(ã)

b∫
a

sinx2 dx, (0 < a < b); (ä)

b∫
a

e−αx

x
sinx dx, (α > 0, 0 < a < b);

32.5. Äîêàæèòå ñëåäóþùèå íåðàâåíñòâà:

(à)
1

20
√

2
<

1∫
0

x19

√
1 + x2

dx <
1

20
;

(á) •
1

2
<

1∫
0

2x

1 + x13
dx < 1;

(â)
1

2
<

1/2∫
0

dx√
1− x2n

<
π

6
, n ∈ N;

(ã)
2

3
<

1∫
0

e−x
2

dx <
π

4
; (ä)

4

9
(e− 1) <

1∫
0

ex

(x+ 1)(2− x)
dx <

1

2
(e− 1).
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32.6. (2322) Ïóñòü

x∫
0

f(t) dt = x f(θ · x). Íàéòè θ, åñëè:

(à) f(t) = tn, (n > −1); (á) f(t) = ln t;

(â) f(t) = et, lim
x→0

θ(x) =?, lim
x→∞

θ(x) =?

32.7. (2321, 2233)

(à) • Ïóñòü f íåïðåðûâíà íà [0; +∞) è lim
x→+∞

f(x) = A. Íàéäèòå lim
x→+∞

1

x

x∫
0

f(t) dt.

Ðàññìîòðèòå ïðèìåð f(x) = arctgx.

(á) Ïóñòü f íåïðåðûâíà íà [0; +∞) è lim
x→+∞

f(x) = A. Íàéäèòå lim
n→+∞

1∫
0

f(nx) dx;

(â) Ïóñòü f è g íåïðåðûâíû íà [0; +∞), ïðè÷¼ì lim
x→+∞

f(x) = a, lim
x→+∞

x · g(x) = b.

Âû÷èñëèòå ïðåäåë lim
x→+∞

(
g(x) ·

x∫
0

f(t) dt
)
;

(ã) Ïðèâåäèòå ïðèìåð íåïðåðûâíîé íà [0; +∞) ôóíêöèè g, äëÿ êîòîðîé ñóùåñòâóåò

ïðåäåë lim
x→+∞

[1

x

x∫
0

g(t) dt
]
, íî íå ñóùåñòâóåò lim

x→+∞
g(x);

(ä) Ïóñòü ôóíêöèè f è g íåïðåðûâíû íà [0; 1), ïðè÷¼ì:

1) äëÿ ∀x ∈ [0; 1] g(x) > 0; 2) lim
x→1−0

x∫
0

g(t) dt = +∞; 3) lim
x→1−0

f(x)

g(x)
= a.

Äîêàæèòå, ÷òî lim
x→1−0

x∫
0

f(t) dt ·

 x∫
0

g(t) dt

−1

= a.

32.8. (2332)

(à) Ïóñòü f íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà îòðåçêå [a; b] ôóíêöèÿ, f(a) = 0,

M = sup
[a;b]

|f(x)|. Äîêàæèòå, ÷òî

M2 6 (b− a)

b∫
a

[f ′(x)]2 dx.

(á) Ïóñòü ôóíêöèÿ f íåïðåðûâíà íà îòðåçêå [a; b] è íàéäóòñÿ òàêèå ÷èñëà M, δ > 0, ÷òî

äëÿ ëþáûõ α, β (a 6 α < β 6 b) âûïîëíåíî:

∣∣∣∣∣∣
β∫
α

f(x) dx

∣∣∣∣∣∣ 6 M · |β − α|1+δ. Äîêàæèòå, ÷òî

f(x) ≡ 0 íà [a; b].
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32.9. Âû÷èñëèòå ïðåäåëû:

(à) lim
n→∞

π/2∫
0

sinn x dx;

(á) • lim
ε→0+0

bε∫
aε

f(x)

x
dx, ãäå a > 0, b > 0 è f(x)− íåïðåðûâíà íà [0; 1];

(â) lim
n→∞

n+p∫
n

sinx

x
dx, p > 0; (ã) lim

n→∞

n4

n+1∫
n

x

1 + x5
dx

 .

32.10. ? Ïóñòü f(x) =

cos 1/x, ïðè x > 0;

0, ïðè x = 0,

è F (x) :=

x∫
0

f(u) du, x > 0. Âû÷èñëèòå F ′(0).

32.11. ? Íàéäèòå ïðåäåë lim
ε→0+0

1∫
ε

ua−1 lnu du äëÿ ïîëîæèòåëüíîãî a.

32.12. ? Ïóñòü f è g � äâå íåïðåðûâíûå ôóíêöèè, ïåðåâîäÿùèå îòðåçîê [0; 1] â îòðåçîê

[0; 1]. Ïðè÷¼ì èçâåñòíî, ÷òî f ñòðîãî âîçðàñòàåò. Äîêàæèòå, ÷òî

1∫
0

f
(
g(x)

)
dx 6

1∫
0

(
f(x) + g(x)

)
dx.

32.13. ? Ïóñòü f � íåïðåðûâíàÿ ôóíêöèÿ, äåéñòâóþùàÿ èç [0; 1] â R òàêàÿ, ÷òî äëÿ

∀x, y ∈ [0; 1] âûïîëíÿåòñÿ íåðàâåíñòâî: xf(y) + yf(x) 6 1.

(à) Äîêàæèòå, ÷òî

1∫
0

f(x)dx 6
π

4
.

(á) Íàéäèòå ôóíêöèþ, êîòîðàÿ äàííîå íåðàâåíñòâî îáðàùàåò â òîæäåñòâî.

32.14. ? Ïóñòü 0 < a < b. Äîêàæèòå, ÷òî

b∫
a

(x2 + 1) e−x
2

dx > e−a
2 − e−b2 .

32.15. ? Äëÿ âîçðàñòàþùèõ ôóíêöèé f, g : [0;π/2] 7→ R äîêàæèòå íåðàâåíñòâî

π/2∫
0

f(x)g(x) sinx dx >

π/2∫
0

f(x) sinx dx ·
π/2∫
0

g(x) sinx dx.
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Íåñîáñòâåííûå èíòåãðàëû
Ìàòåì. àíàëèç

ëèñòîê 33

Îïðåäåëåíèå: Ïóñòü äëÿ ∀b ∈ R ôóíêöèÿ f èíòåãðèðóåìà íà [a;b].

Íåñîáñòâåííûì èíòåãðàëîì ïåðâîãî ðîäà íàçûâàåòñÿ âûðàæåíèå

+∞∫
a

f(x) dx = lim
b→+∞

b∫
a

f(x) dx.

Åñëè äàííûé ïðåäåë ñóùåñòâóåò, òî íåñîáñòâåííûé èíòåãðàë ñõîäèòñÿ (−→), èíà÷å - ðàñõî-

äèòñÿ ( 6−→).

Îïðåäåëåíèå: Ïóñòü äëÿ ∀ε > 0 ôóíêöèÿ f èíòåãðèðóåìà íà [a; b − ε] è ïóñòü

lim
x→b−0

f(x) = ∞. Íåñîáñòâåííûì èíòåãðàëîì âòîðîãî ðîäà íàçûâàåòñÿ âûðàæåíèå

b∫
a

f(x) dx = lim
ε→0+0

b−ε∫
a

f(x) dx.

Ñõîäèìîñòü/ðàñõîäèìîñòü îïðåäåëÿþòñÿ àíàëîãè÷íî.

Çàìå÷àíèå: Çàìåíîé t =
1

x− b
íåñîáñòâåííûé èíòåãðàë âòîðîãî ðîäà ïðåîáðàçîâûâàåòñÿ

â íåñîáñòâåííûé èíòåãðàë ïåðâîãî ðîäà. Ïðè ýòîì îñîáåííîñòü âòîðîãî ðîäà ïðåîáðàçóåòñÿ

â îñîáåííîñòü ïåðâîãî ðîäà.

Òåîðåìà (êðèòåðèé Êîøè): Èíòåãðàë

∞∫
a

f(x) dx ñõîäèòñÿ, òîãäà è òîëüêî òîãäà, êîãäà

∀ε > 0 ∃b(ε) > a : ∀b′, b′′ > b ⇒

∣∣∣∣∣∣
b′′∫
b′

f(x) dx

∣∣∣∣∣∣ < ε.

Òåîðåìà (ïåðâûé ïðèçíàê ñðàâíåíèÿ): Ïóñòü |f(x)| 6 F (x), äëÿ ∀x > a è

∞∫
a

F (x) dx ñõîäèò-

ñÿ, òîãäà è

∞∫
a

f(x) dx ñõîäèòñÿ. Åñëè æå

∞∫
a

f(x) dx ðàñõîäèòñÿ, òî è

∞∫
a

F (x) dx ðàñõîäèòñÿ.

Òåîðåìà (âòîðîé ïðèçíàê ñðàâíåíèÿ): Ïóñòü âûïîëíåíî f(x), F (x) > 0 ïðè x ∈ [a; +∞) è

∃ lim
x→∞

f(x)

F (x)
= k, òîãäà ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1) Åñëè 0<k<+∞, òî èíòåãðàëû
∞∫
a

f(x)dx è

∞∫
a

F (x)dx ñõîäÿòñÿ è ðàñõîäÿòñÿ îäíîâðåìåííî.

2) Åñëè k=0, òî èç ñõîäèìîñòè èíòåãðàëà

∞∫
a

F (x)dx ñëåäóåò ñõîäèìîñòü èíòåãðàëà

∞∫
a

f(x)dx.

3)Åñëè k=+∞, òî èç ðàñõîäèìîñòè èíòåãðàëà
∞∫
a

F (x)dx ñëåäóåò ðàñõîäèìîñòü èíòåãðàëà

∞∫
a

f(x)dx.
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Òåîðåìà (÷àñòíûé ïðèçíàê ñðàâíåíèÿ):

1. Ïóñòü f(x) = O
∗
( 1

xp

)
ïðè x→ +∞, òîãäà

∞∫
a

f(x) dx−→ ïðè p > 1, è 6−→ åñëè p 6 1.

2. Ïóñòü f(x)=O
∗
( 1

(b− x)p

)
ïðè x→ b− 0, òîãäà

b∫
a

f(x) dx−→ ïðè p < 1, è 6−→ ïðè p > 1.

Òåîðåìà (ïðèçíàê Äèðèõëå): Ðàññìîòðèì èíòåãðàë

+∞∫
a

f(x) · g(x) dx. Ïóñòü âûïîëíåíî:

1. Ôóíêöèÿ g èíòåãðèðóåìà íà [a; +∞) è ìîíîòîííî ñòðåìèòñÿ ê íóëþ ïðè x→ +∞;

2. f èíòåãðèðóåìà â ëþáîì êîíå÷íîì ñåãìåíòå [a;x], ïðè÷¼ì ∃M > 0 : ∀x > a

|F (x)| =

∣∣∣∣∣∣
x∫
a

f(t) dt

∣∣∣∣∣∣ 6M (ïåðâîîáðàçíàÿ ôóíêöèè f îãðàíè÷åíà).

Òîãäà èíòåãðàë

+∞∫
a

f(x) · g(x) dx ñõîäèòñÿ.

Òåîðåìà (ïðèçíàê Àáåëÿ): Ïóñòü ôóíêöèè f è g îïðåäåëåíû â [a; +∞), ïðè÷¼ì:

1. Èíòåãðàë

+∞∫
a

f(x) dx ñõîäèòñÿ;

2. Ôóíêöèÿ g ìîíîòîííà è îãðàíè÷åíà.

Òîãäà èíòåãðàë

+∞∫
a

f(x) · g(x) dx ñõîäèòñÿ.

33.1. Íàéäèòå âñå çíà÷åíèÿ ïàðàìåòðà α, ïðè êîòîðûõ ñõîäÿòñÿ èíòåãðàëû:

(à) •

+∞∫
1

dx

xα
; (á)

1∫
0

dx

xα
;

33.2. Íàéäèòå âñå çíà÷åíèÿ ïàðàìåòðîâ α è β, ïðè êîòîðûõ ñõîäÿòñÿ èíòåãðàëû:

(à) •

+∞∫
2

dx

xαln βx
; (á)

1/2∫
0

dx

xα|lnx|β
;

(â)

+∞∫
2

sin (nx+ l)

xαln βx
dx, n 6= 0.
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33.3. (2346,2347) Äîêàæèòå ñõîäèìîñòü è âû÷èñëèòå èíòåãðàëû:

(à)

1∫
0

lnx dx; (á) •

+∞∫
0

e−ax cos bx dx, a > 0;

(â)

+∞∫
0

e−ax sin bx dx, a > 0;

(ã)

+∞∫
0

xn e−x dx, n ∈ N; (ä)

+∞∫
0

x e−x sinx dx.

33.4. Äîêàæèòå ñõîäèìîñòü ñëåäóþùèõ èíòåãðàëîâ:

(à)

+∞∫
0

x2

x4 − x2 + 1
dx; (á)

+∞∫
0

arctg x
(1 + x2)3/2

dx;

(â)

+∞∫
1

e−x lnx dx; (ã) •

+∞∫
0

x

ex − 1
dx;

(ä)

+∞∫
0

x

sh x
dx; (å)

1∫
0

f(x) dx, ãäå f(x) =


x√

1−
√

1− x2
, x 6= 0;

√
2, x = 0,

33.5. Íàéäèòå âñå α, ïðè êîòîðûõ ñõîäèòñÿ èíòåãðàë:

(à) •

1∫
−1

(1− x6)α dx; (á)

+∞∫
0

ln α(ch x) · arcsin
2x

3 + x2
dx;

(â)

1∫
0

arctgα (x2 − x3)

(lnx)2(cos πx
2

)2α−1
dx;

33.6. (2363,2364,2366,2371)

Èññëåäóéòå ñõîäèìîñòü èíòåãðàëîâ:

(à)

+∞∫
0

xm

1 + xn
dx, n > 0; (á) •

+∞∫
0

arctg ax
xn

dx, a 6= 0;

(â)

+∞∫
0

xm arctg x
2 + xn

dx, n > 0; (ã)

+∞∫
0

dx

xp + xq
; (ä)

+∞∫
0

sin2 x

xα
dx.
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33.7. (2357) Íàéäèòå ñëåäóþùèå ïðåäåëû:

(à) • lim
x→0+0

x

1∫
x

cos t

t2
dt; (á) lim

x→+∞

x∫
0

√
1 + t4 dt

x3
;

(â) lim
x→0+0

+∞∫
x

e−tt−1 dt

ln (1/x)
;

33.8. Äîêàæèòå, ÷òî èíòåãðàë

+∞∫
0

dx

(1 + x2)(1 + xα)
íå çàâèñèò îò âåëè÷èíû α.

33.9. ? Ïóñòü ϕ è ψ � âçàèìíî îáðàòíûå, íåïðåðûâíûå, ìîíîòîííî óáûâàþùèå ôóíêöèè

íà (0; +∞), ïðè÷¼ì
∞∫

0

ϕ(t) dt =

∞∫
0

ψ(t) dt = a <∞, a > 0.

Äîêàæèòå, ÷òî
∞∫

0

ϕ2(t) dt +

∞∫
0

ψ2(t) dt >
a3/2

2
.

33.10. ? Íàéäèòå ïðåäåë lim
x→0+0

2x∫
x

sinm t

tn
dt (m, n ∈ N).

33.11. Íàéäèòå, íå èñïîëüçóÿ ïðàâèëî Ëîïèòàëÿ, ñëåäóþùèé ïðåäåë:

lim
A→+∞

1√
A

A∫
1

ln

(
1 +

1√
x

)
dx.

33.12. ? Ïóñòü ïðè x > 0 ôóíêöèÿ f ìîíîòîííà è íåñîáñòâåííûé èíòåãðàë

∞∫
0

f(x)dx

ñóùåñòâóåò. Äîêàæèòå, ÷òî òîãäà

lim
h→0+0

h
[
f(h) + f(2h) + f(3h) + . . .

]
=

∞∫
0

f(x)dx.
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Íåñîáñòâåííûå èíòåãðàëû. Ïðîäîëæåíèå
Ìàòåì. àíàëèç

ëèñòîê 34

34.1. • (àíàëîã ôîðìóëû èíòåãðèðîâàíèÿ ïî ÷àñòÿì äëÿ íåñîáñòâåííîãî èíòåãðàëà)

Ïóñòü f è g - íåïðåðûâíî äèôôåðåíöèðóåìûå íà ëó÷å [a; +∞) ôóíêöèè, îäèí èç èí-

òåãðàëîâ

+∞∫
a

f(x) g′(x) dx,

+∞∫
a

f ′(x) g(x) dx ñõîäèòñÿ, è ñóùåñòâóåò ïðåäåë lim
x→+∞

(
f(x) g(x)

)
.

Äîêàæèòå ñõîäèìîñòü âòîðîãî èç èíòåãðàëîâ è ñïðàâåäëèâîñòü ôîðìóëû:

+∞∫
a

f(x) g′(x) dx = lim
x→+∞

(
f(x) g(x)

)
− f(a) g(a)−

+∞∫
a

f ′(x) g(x) dx

34.2. Âû÷èñëèòå èíòåãðàëû:

(à)

+∞∫
1

dx

x
√
x2 + x+ 1

; (á)

+∞∫
0

dx

(x2 + 1)3/2
;

(â) •

+∞∫
1

arctg x

x2
dx; (ã)

+∞∫
0

x cosx− sinx

x2
dx;

34.3. (2370, 2377, 2369, 2361)

Èññëåäóéòå ñõîäèìîñòü èíòåãðàëîâ:

(à) •

+∞∫
0

dx√
x3 + x

;

(á)

+∞∫
0

Pm(x)

Pn(x)
dx, ãäå Pm(x) è Pn(x) - âçàèìíî ïðîñòûå (ò.å. íå èìåþùèå îáùèõ êîðíåé)

ìíîãî÷ëåíû ñòåïåíåé m è n ñîîòâåòñòâåííî;

(â)

π/2∫
0

dx

sinp x cosq x
; (ã) •

1∫
0

cosx− e−x
2

2

xp
dx;

(ä)

1∫
0

ax + a−x − 2

xp
dx; (å)

+∞∫
0

xα−1 e−x dx.
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34.4. Äîêàæèòå ðàñõîäèìîñòü ñëåäóþùèõ èíòåãðàëîâ, èñïîëüçóÿ êðèòåðèé Êîøè:

(à)

1∫
0

sin2

(
1

1− x

)
dx

1− x
; (á) •

+∞∫
1

sinx

xp
dx, p 6 0.

34.5. (2372, 2373, 2375)

Èññëåäóéòå ñõîäèìîñòü èíòåãðàëîâ:

(à)

1∫
0

lnx
1− x2

dx; (á)

π/2∫
0

ln (sinx)√
x

dx;

(â) •

+∞∫
e

dx

xp (lnx)q (ln lnx)r
; (ã)

+∞∫
1

sinx arctg x

xα
dx, α > 0.

34.6. Ïóñòü a, k, λ > 0. Èñïîëüçóéòå ïðèçíàêè Äèðèõëå è Àáåëÿ äëÿ èññëåäîâàíèÿ ñõî-

äèìîñòè ñëåäóþùèõ èíòåãðàëîâ:

(à)

+∞∫
0

x · sin ax
k2 + x2

dx;

(á)

+∞∫
0

esinx sin 2x

xλ
dx;

(â) •

+∞∫
a

|lnx|λ sinx

x
dx;

(ã)

+∞∫
0

sin(x2 + x)

xλ
dx;

(ä)

+∞∫
1

e−x

x
dx;

(å)

+∞∫
0

e−x
2

cos

(
1

2x3 + 1

)
dx;

34.7. • Íàéäèòå âñå çíà÷åíèÿ ïàðàìåòðà α, ïðè êîòîðûõ ñõîäèòñÿ èíòåãðàë

+∞∫
0

xα√
x+ x3/4

√
eαx − 1− αx dx.
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34.8. Èññëåäóéòå íà ñõîäèìîñòü â çàâèñèìîñòè îò çíà÷åíèé ïàðàìåòðà p > 0 èíòåãðàë:

+∞∫
1

sinx

xp + sinx
dx.

Çàìå÷àíèå: Ýòîò ïðèìåð, â ñëó÷àå p 6
1

2
, ïîó÷èòåëüíî ñîïîñòàâèòü ñ ïðèçíàêîì Äèðèõëå.

Ïåðâîîáðàçíàÿ îò sinx îãðàíè÷åíà. Ìíîæèòåëü
1

xp + sinx
ñòðåìèòñÿ ê 0 ïðè x → ∞ (íî

íåìîíîòîííî!) è èíòåãðàë

+∞∫
1

sinx

xp + sinx
dx ðàñõîäèòñÿ.

34.9. (3789) (ôîðìóëà Ôðóëëàíè)

Ïóñòü f � íåïðåðûâíàÿ ôóíêöèÿ è èíòåãðàë

+∞∫
A

f(x)

x
dx èìååò ñìûñë ïðè ëþáîì A > 0.

Äîêàæèòå ñïðàâåäëèâîñòü ñëåäóþùåãî òîæäåñòâà:

+∞∫
0

f(ax)− f(bx)

x
dx = f(0) ln

b

a
, (a > 0, b > 0).

34.10. ? (âû÷èñëåíèå èíòåãðàëà Ôðóëëàíè)

Ïóñòü f � íåïðåðûâíàÿ ôóíêöèÿ. Îïèðàÿñü íà ðåçóëüòàò ïðåäûäóùåãî íîìåðà, âû÷èñ-

ëèòå èíòåãðàë:
+∞∫
0

f(ax)− f(bx)

x
dx, (a > 0, b > 0),

åñëè

(à) ïðè íåêîòîðîì T > 0 äëÿ âñåõ x > 0 ñïðàâåäëèâî ðàâåíñòâî f(x+ T ) = f(x);

(á) ñóùåñòâóåò êîíå÷íûé ïðåäåë l = lim
x→+∞

f(x).

34.11. Ïóñòü a, b > 0, n > 0. Âû÷èñëèòå èíòåãðàë

+∞∫
0

arctg (a xn)− arctg (b xn)

x
dx.

34.12. ? Ïóñòü ôóíêöèÿ u óäîâëåòâîðÿåò ñëåäóþùèì òðåáîâàíèÿì:

1) ôóíêöèÿ u íåïðåðûâíî äèôôåðåíöèðóåìà íà ëó÷å (0; +∞);

2) u(x) > 0, u′(x) > 0; 3)

+∞∫
1

dx

u(x) + u′(x)
ñõîäèòñÿ;

Äîêàæèòå, ÷òî èíòåãðàë

+∞∫
1

dx

u(x)
ñõîäèòñÿ.
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34.13. ? Èññëåäóéòå ñõîäèìîñòü èíòåãðàëà:

+∞∫
π

x | sinx|x2 dx.

34.14. ? Íàéäèòå ïîëîæèòåëüíûå äåéñòâèòåëüíûå ïàðû ÷èñåë a è b, äëÿ êîòîðûõ ñõî-

äèòñÿ èíòåãðàë:
+∞∫
b

(√√
x+ a−

√
x−

√√
x−
√
x− b

)
dx.

34.15. ? Ïóñòü f � ïîëîæèòåëüíàÿ íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ íà èíòåð-

âàëå (0; +∞). Äîêàæèòå, ÷òî èíòåãðàë

+∞∫
0

√
1 + (f ′(x))2

f(x)
dx ðàñõîäèòñÿ ê áåñêîíå÷íîñòè.

34.16. ? Ïóñòü èíòåãðàë

+∞∫
−∞

f(x) dx ñõîäèòñÿ è ðàâåí I. Äîêàæèòå, ÷òî èíòåãðàë

+∞∫
−∞

f

(
x− 1

x

)
dx

òàêæå ñõîäèòñÿ è ðàâåí I.

34.17. ? Ñóùåñòâóåò ëè íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà îòðåçêå [0; 2] ôóíêöèÿ f ,

óäîâëåòâîðÿþùàÿ ñëåäóþùèì óñëîâèÿì:

f(0) = f(2) = 1, |f ′(x)| 6 1,

∣∣∣∣∣∣
2∫

0

f(x) dx

∣∣∣∣∣∣ 6 1?

34.18. ? Ïóñòü f : [0,+∞) 7→ R ðàâíîìåðíî íåïðåðûâíàÿ ôóíêöèÿ. Èçâåñòíî, ÷òî

èíòåãðàë
+∞∫
0

f(x)dx

ñõîäèòñÿ. Äîêàæèòå, ÷òî lim
x→+∞

f(x) = 0.
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Àáñîëþòíàÿ è óñëîâíàÿ ñõîäèìîñòü íåñîáñòâåííûõ èíòåãðàëîâ
Ìàòåì. àíàëèç

ëèñòîê 35

Îïðåäåëåíèå: Èíòåãðàë

+∞∫
a

f(x)dx ñõîäèòñÿ àáñîëþòíî, åñëè ñõîäèòñÿ èíòåãðàë

+∞∫
a

|f(x)|dx. Îáîçíà÷åíèå:
+∞∫
a

f(x)dx
àáñ−−→ .

Çàìå÷àíèå: Âàæíî îòìåòèòü, ÷òî íåñîáñòâåííûé èíòåãðàë

+∞∫
a

f(x) dx äîëæåí áûòü îïðå-

äåëåí, ò.å. äëÿ ∀A > a ôóíêöèÿ f èíòåãðèðóåìà íà îòðåçêå [a;A].

Îïðåäåëåíèå: Èíòåãðàë

+∞∫
a

f(x) dx ñõîäèòñÿ óñëîâíî, åñëè ñõîäèòñÿ èíòåãðàë

+∞∫
a

f(x) dx,

íî èíòåãðàë

+∞∫
a

|f(x)| dx ðàñõîäèòñÿ. Îáîçíà÷åíèå:

+∞∫
a

f(x)dx
óñë−−→ .

Óòâåðæäåíèå: Åñëè ñõîäèòñÿ èíòåãðàë

+∞∫
a

|f(x)| dx, òî ñõîäèòñÿ è èíòåãðàë

+∞∫
a

f(x) dx.

Ðàññìîòðèì çàäà÷ó èññëåäîâàíèÿ íà àáñîëþòíóþ è óñëîâíóþ ñõîäèìîñòü èíòåãðàëà
+∞∫
a

f(x; α) dx, α ∈ R− ïàðàìåòð. Ýòî îçíà÷àåò îïðåäåëåíèå òð¼õ ìíîæåñòâ:

A1 ∪ A2 ∪ A3 = R, Ai ∩ Aj = {∅},

ãäå ïðè α ∈ A1 èçó÷àåìûé èíòåãðàë ñõîäèòñÿ àáñîëþòíî, ïðè α ∈ A2 ñõîäèòñÿ óñëîâíî è ïðè

α ∈ A3 ðàñõîäèòñÿ.

Îïðåäåëåíèå: Åñëè ôóíêöèÿ f òàêîâà, ÷òî ïðè ëþáîì ε > 0 ñóùåñòâóþò ñîáñòâåííûå

èíòåãðàëû:
c−ε∫
a

f(x) dx è

b∫
c+ε

f(x) dx (a < c < b),

òî ïîä ãëàâíûì çíà÷åíèåì â ñìûñëå Êîøè (v.p.) ïîíèìàåòñÿ ÷èñëî

v.p.

b∫
a

f(x) dx = lim
ε→0+0

 c−ε∫
a

f(x) dx+

b∫
c+ε

f(x) dx

 .
Àíàëîãè÷íî

v.p.

+∞∫
−∞

f(x) dx = lim
A→∞

A∫
−A

f(x) dx;
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35.1. (2380, 2381, 2383)

Èññëåäóéòå íà àáñîëþòíóþ è óñëîâíóþ ñõîäèìîñòè èíòåãðàëû, çàâèñÿùèå îò äåéñòâè-

òåëüíîçíà÷íûõ ïàðàìåòðîâ:

(à) •

+∞∫
1

sinx

xα
dx;

(á)

+∞∫
0

xp sinxq dx, q 6= 0;

(â) •

+∞∫
0

xp sinx

1 + xq
dx, q > 0;

(ã)

+∞∫
1

arctg x cosx

xα
dx;

(ä)

+∞∫
2

sin (3x− 6)

(x− ln (x− 1)− 2)α
dx;

(å)

1∫
0

cos (1/x2)

xp
dx;

(æ)

+∞∫
a

Pm(x)

Pn(x)
sinx dx, ãäå Pm(x) è Pn(x)−öåëûå ìíîãî÷ëåíû è Pn(x) > 0, åñëè x > a > 0.

35.2. (2379, 2380)

Èññëåäóéòå íà àáñîëþòíóþ è óñëîâíóþ ñõîäèìîñòè ñëåäóþùèå èíòåãðàëû:

(à) •

+∞∫
0

√
x cosx

x+ 100
dx;

(á) •

π
2∫

0

sin

(
1

cosx

)
dx;

(â)

+∞∫
0

sinx√
x3 + x5

dx;

(ã)

+∞∫
0

sin
(
x2 − x

)
dx;

Çàìå÷àíèå: Äåëàòü ïîäñòàíîâêó t = x2 − x ∈ [−1
4
; +∞) â èñõîäíîì èíòåãðàëå íåëüçÿ, ò.ê.

ôóíêöèÿ x(t) =
1

2
+
√
t+ 1

4
èìååò íåîãðàíè÷åííóþ ïðîèçâîäíóþ íà ëó÷å (−1

4
; +∞).

(ä)

1∫
0

sin

(
1

1− x

)
dx

1− x
; (å)

+∞∫
1

sin

(
sinx√
x

)
dx;
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35.3.

(à) • Ïóñòü ôóíêöèÿ f íåïðåðûâíî äèôôåðåíöèðóåìà íà ëó÷å [x0; +∞), |f ′(x)| < C ïðè

x ∈ [x0; +∞) è èíòåãðàë

+∞∫
x0

|f(x)| dx ñõîäèòñÿ. Äîêàæèòå, ÷òî lim
x→+∞

f(x) = 0;

Çàìå÷àíèå: Åñëè èíòåãðàë

+∞∫
0

f(x) dx ñõîäèòñÿ, òî íå îáÿçàòåëüíî lim
x→+∞

f(x) = 0. Íàïðè-

ìåð, ýòî íå âûïîëíåíî äëÿ

+∞∫
0

sinx2 dx =

√
π

2
√

2
−èíòåãðàë Ôðåíåëÿ. ßñíî, ÷òî @ lim

x→+∞
sinx2.

(á) Ïóñòü a ∈ R, äëÿ ∀A > a ôóíêöèè f , g èíòåãðèðóåìû íà [a; A], è èíòåãðàëû
+∞∫
a

f 2(x) dx,

+∞∫
a

g2(x) dx ñõîäÿòñÿ. Äîêàæèòå, ÷òî èíòåãðàë

+∞∫
a

f(x) g(x) dx ñõîäèòñÿ;

(â) Ïóñòü ôóíêöèÿ f íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà âñåé ÷èñëîâîé ïðÿìîé, è èíòå-

ãðàë

+∞∫
−∞

|f ′(x)| dx ñõîäèòñÿ. Äîêàæèòå, ÷òî ∃ lim
x→+∞

f(x);

(ã) Ïóñòü ôóíêöèÿ f äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìà íà âñåé ÷èñëîâîé ïðÿìîé

R è ñõîäÿòñÿ èíòåãðàëû:

+∞∫
−∞

f 2(x) dx,

+∞∫
−∞

(
f ′(x)

)2
dx,

+∞∫
−∞

(
f ′′(x)

)2
dx.

Äîêàæèòå ðàâåíñòâî:
+∞∫
−∞

(
f ′(x)

)2
dx = −

+∞∫
−∞

f ′′(x) f(x) dx.

35.4. (2392, 2393, 2395)

Íàéäèòå ñëåäóþùèå èíòåãðàëû, ïîíèìàåìûå â ñìûñëå ãëàâíîãî çíà÷åíèÿ ïî Êîøè.

(à) • v.p.

1∫
−1

dx

x
; (á) v.p.

+∞∫
0

dx

1− x2
;

(â) v.p.

+∞∫
0

dx

x2 − 3x+ 2
; (ã) • v.p.

2∫
1/2

dx

x lnx
;

(ä) v.p.

+∞∫
−∞

arctg x dx; (å) v.p.

+∞∫
−∞

sinx dx;
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35.5. Ðàññìîòðèì ñëåäóþùóþ ôóíêöèþ:

D̃(x) =


1

x2
, åñëè x ∈ Q,

− 1

x2
, åñëè x ∈ R \Q.

Çàìåòèì, ÷òî èíòåãðàë

+∞∫
1

∣∣∣D̃(x)
∣∣∣ dx ñõîäèòñÿ, îäíàêî èíòåãðàë

+∞∫
1

D̃(x) dx ðàñõîäèòñÿ, êàê

ìîäèôèêàöèÿ ôóíêöèè Äèðèõëå. Ñëåäîâàòåëüíî, èç ñõîäèìîñòè íåñîáñòâåííîãî èíòåãðàëà

îò ìîäóëÿ, âîîáùå ãîâîðÿ, íå ñëåäóåò ñõîäèìîñòü ñàìîãî èíòåãðàëà. Îáîñíóéòå èëè îïðî-

âåðãíèòå ïîëó÷èâøèéñÿ ðåçóëüòàò.

35.6. ? Ïóñòü ôóíêöèÿ f íåïðåðûâíà è 2T � ïåðèîäè÷íà (2T>0) íà âñåé ÷èñëîâîé îñè R.

Êðîìå ýòîãî, ïóñòü

T∫
0

f(x)dx > 0, à

2T∫
0

f(x)dx = 0. Äîêàæèòå, ÷òî èíòåãðàë

+∞∫
0

f(x)

1 + x
dx

ñõîäèòñÿ óñëîâíî.

35.7. ? Ïóñòü äëÿ äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìîé íà ëó÷å [a; +∞) ôóíêöèè f

ñõîäÿòñÿ èíòåãðàëû
+∞∫
a

f 2(x) dx,

+∞∫
a

(
f ′′(x)

)2
dx

è

∃L ∈ R : ∀x > a ⇒ |f(x) f ′(x)| 6 L.

Äîêàæèòå ñõîäèìîñòü èíòåãðàëà

+∞∫
a

(
f ′(x)

)2
dx.

35.8. ? Ïóñòü ôóíêöèÿ f � íåïðåðûâíà íà îòðåçêå [0; 1]. Äîêàæèòå ñïðàâåäëèâîñòü ñëå-

äóþùåãî òîæäåñòâà:

lim
p→+∞

 1∫
0

|f(x)|p dx

1/p

= max
x∈[0;1]

|f(x)|.

35.9. ? Ïóñòü f íåïðåðûâíà íà ñåãìåíòå [0, 1]. Íàéäèòå ïðåäåë lim
t→+∞

1

t
ln

1∫
0

ch
(
tf(x)

)
dx.

35.10. ? Èññëåäóéòå ñõîäèìîñòü èíòåãðàëà:

+∞∫
0

sinx sinx2 dx.
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Âû÷èñëåíèå ïëîùàäåé ïëîñêèõ ôèãóð
Ìàòåì. àíàëèç

ëèñòîê 36

1. Ïëîùàäü â äåêàðòîâûõ ïðÿìîóãîëüíûõ êîîðäèíàòàõ.

y � íåïðåðûâíà íà [a; b]; y(x) > 0; y1, y2 � íåïðåðûâíû íà [a; b]; y2(x)− y1(x) > 0;

S =

b∫
a

y(x) dx. S =

b∫
a

(
y2(x)− y1(x)

)
dx.

2. Ïëîùàäü ôèãóðû, çàäàííîé ïàðàìåòðè÷åñêè.x = x(t);

y = y(t),
t ∈ [t0;T ]. x(t), y(t)− íåïðåðûâíî äèôôåðåíöèðóåìûå íà [t0;T ] ôóíêöèè.

S = −
T∫

t0

y(t)x′(t) dt; S =

T∫
t0

x(t) y′(t) dt; S =
1

2

T∫
t0

(
x(t) y′ (t)−y(t) x′ (t)

)
dt.

3. Ïëîùàäü ôèãóðû, çàäàííîé â ïîëÿðíîé ñèñòåìå êîîðäèíàò.

F =
{

(r;ϕ) | 0 6 r 6 r(ϕ); α 6 ϕ 6 β
}
, S =

1

2

β∫
α

r2(ϕ) dϕ.

F =
{

(r;ϕ) | 0 6 ϕ 6 ϕ(r); ρ1 6 r 6 ρ2

}
, S =

1

2

ρ2∫
ρ1

r2 · ϕ′(r) dr.

Çàìå÷àíèå: Âñå ïàðàìåòðû â ýòîì ëèñòî÷êå ñ÷èòàþòñÿ ïîëîæèòåëüíûìè.
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36.1. (2397, 2402)

Íàéäèòå ïëîùàäè ôèãóð, îãðàíè÷åííûõ êðèâûìè, çàäàííûìè â ïðÿìîóãîëüíûõ êîîð-

äèíàòàõ:

(à) • ax = y2, ay = x2;

(á) y =
a3

a2 + x2
, y = 0;

(â) • y =
2

π
x, y = 0, y = sinx (0 < x < π);

(ã) y = e−x | sinx|, y = 0 (x > 0);

(ä) • x2 + 2ax− y2 = 0, ax− y2 + 2a2 = 0;

(å) • ê ýëëèïñó
x2

a2
+
y2

b2
= 1 ïðîâåäåíà êàñàòåëüíàÿ â

òî÷êå C
(
a
2
; b
√

3
2

)
. Íàéòè ïëîùàäü êðèâîëèíåéíîãî 4ABC;

(æ) íàéäèòå ïëîùàäü ýëëèïñà, çàäàííîãî óðàâíåíèåì:

Ax2 + 2Bxy + Cy2 = 1 (AC −B2 > 0, C > 0).

36.2. Íàéäèòå ïëîùàäè ôèãóð, îãðàíè÷åííûõ êðèâûìè, çàäàííûìè ïàðàìåòðè÷åñêè:

(à) x = a(t− sin t), y = a(1− cos t), 0 6 t 6 2π; y = 0 (öèêëîèäà);

(á) x = a sin t, y = a sin 2t, (êðèâàÿ Ëèññàæó);

(â) • x = a(t2 − 2t), y = a(t2 − 1)(t− 3);

(ã) x = a
t2

1 + t4
, y = a

t3

1 + t4
;

(ä) x = a sin t cos2 t, y = a cos t sin2 t, 0 6 t 6
π

2
;
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36.3. (2418, 2424, 2423)

Íàéäèòå ïëîùàäè ôèãóð, îãðàíè÷åííûõ êðèâûìè, çàäàííûìè â ïîëÿðíûõ êîîðäèíàòàõ:

(à) • r2 = a2 cos 2ϕ (ëåìíèñêàòà);

(á) ϕ = r arctg r, ϕ = 0, ϕ =
π√
3
;

(â) r1 = a cosϕ, r2 = a(cosϕ+ sinϕ),
(
M(a/2; 0) ∈ S

)
;

36.4. Ïðèâåäÿ óðàâíåíèÿ ê ïàðàìåòðè÷åñêîìó âèäó, íàéäèòå ïëîùàäè ôèãóð, îãðàíè-

÷åííûõ êðèâûìè:

(à) • x3 + y3 = 3axy (ëèñò Äåêàðòà);

(á) x2/3 + y2/3 = a2/3 (àñòðîèäà);

(â) x4 + y4 = ax2y.

36.5. (2426, 2428)

Ïåðåéäÿ ê ïîëÿðíûì êîîðäèíàòàì, íàéäèòå ïëîùàäè ôèãóð, îãðàíè÷åííûõ êðèâûìè:

(à) x3 + y3 = 3axy;

(á) (x2 + y2)2 = 2a2xy (ëåìíèñêàòà);

(â) • íà ãèïåðáîëå x2 − y2 = a2 äàíà òî÷êà M(x0; y0).

Íàéäèòå ïëîùàäü êðèâîëèíåéíîãî òðåóãîëüíèêà 4OAM .

36.6. Íàéäèòå ïëîùàäü ôèãóðû, çàäàííîé íà êîîðäèíàòíîé ïëîñêîñòè ñèñòåìîé:
√

1− x+ 3x > 0;

x2 − 1 6 y 6 2−
√
x,

(à) èñïîëüçóÿ ïîíÿòèå èíòåãðàëà;

(á) áåç èñïîëüçîâàíèÿ ïîíÿòèÿ èíòåãðàëà.
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36.7. ?

(à) Âû÷èñëèòå ïëîùàäü, îãðàíè÷åííóþ êðèâûìè:

(x2 + y2)2 = 2a2(x2 − y2), x2 + y2 > a2;

(á) Íàéäèòå êðèâóþ, äëÿ êîòîðîé ïëîùàäü ñåêòîðà, îãðàíè÷åííîãî ýòîé êðèâîé è ïî-

ëÿðíûìè ðàäèóñàìè ϕ = 0, ϕ = ϕ0, âû÷èñëÿåòñÿ ïî ôîðìóëå: S =
1

4
r2(ϕ0).

36.8. Äàíî ïàðàìåòðè÷åñêîå óðàâíåíèå ýëëèïñà: x = 2 cosϕ, y = sinϕ, a = 2, b = 1−
åãî ïîëóîñè. Çíàÿ, ÷òî ρ2 = x2 + y2, ñòóäåíò âû÷èñëÿåò ïëîùàäü ýëëèïñà òàê:

S = 4

1

2

π/2∫
0

ρ2dϕ

 = 2

π/2∫
0

(
4 cos2 ϕ+ sin2 ϕ

)
dϕ =

5π

2
.

Èçâåñòíî, îäíàêî, ÷òî S = πab = 2π. Â ÷¼ì îøèáêà ñòóäåíòà?

36.9. ? Äîêàæèòå, ÷òî ïðè a, b > 1 âûïîëíÿåòñÿ íåðàâåíñòâî:

a b 6 ea−1 + b ln b.

36.10. ?

(à) Íàéäèòå êðèâóþ r = r(ϕ), äëÿ êîòîðîé ïëîùàäü S ñåêòîðà, îãðàíè÷åííîãî ýòîé

êðèâîé è ïîëÿðíûìè ëó÷àìè ϕ = 0 è ϕ = a, âû÷èñëÿåòñÿ äëÿ ëþáîãî α ∈ (0; π) ïî ôîðìóëå:

1) S = arn(α), n > 2; 2) S = kr2(α)− S0 (k > 0, S0 > 0).

(á) Ôóíêöèÿ y = f(x) îïðåäåëåíà, íåïðåðûâíà è ïîëîæèòåëüíà ïðè x > 0. Ïóñòü

S(c) � ïëîùàäü ôèãóðû, îãðàíè÷åííîé îñÿìè êîîðäèíàò, ïðÿìîé x = c è ãðàôèêîì ôóíêöèè

y = f(x). Íàéäèòå f(x), åñëè S(c) = αcf(c) äëÿ ëþáîãî c > 0 (0 < α 6 1).
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Âû÷èñëåíèå äëèí äóã êðèâûõ
Ìàòåì. àíàëèç

ëèñòîê 37

1. Äëèíà äóãè â ïðÿìîóãîëüíûõ êîîðäèíàòàõ.

Äëèíà äóãè îòðåçêà íåïðåðûâíî äèôôåðåíöèðóåìîé êðèâîé y = y(x), (a 6 x 6 b)

âû÷èñëÿåòñÿ ïî ôîðìóëå:

L =

b∫
a

√
1 + [y′(x)]2dx. (1)

Åñëè êðèâàÿ çàäàíà óðàâíåíèåì x = x(y), (c 6 y 6 d), òî äàííàÿ ôîðìóëà ïðåîáðàçó-

åòñÿ â:

L =

d∫
c

√
1 + [x′(y)]2dy. (2)

2. Äëèíà äóãè êðèâîé, çàäàííîé ïàðàìåòðè÷åñêè.

Åñëè êðèâàÿ C çàäàíà óðàâíåíèÿìè:

x = x(t),

y = y(t),
t ∈ [t0;T ],

ãäå x(t), y(t)−íåïðåðûâíî äèôôåðåíöèðóåìû íà [t0;T ], òî äëèíà äóãè êðèâîé C ðàâíà:

L =

T∫
t0

√
[x′(t)]2 + [y′(t)]2dt. (3)

3. Äëèíà äóãè â ïîëÿðíûõ êîîðäèíàòàõ.

Åñëè êðèâàÿ C çàäàíà óðàâíåíèåì r = r(ϕ) (α 6 ϕ 6 β), ãäå

r(ϕ)− íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà [α; β] ôóíêöèÿ, òî äëèíà äóãè ñîîòâåòñòâóþùåãî

îòðåçêà êðèâîé ðàâíà:

L =

β∫
α

√
r2(ϕ) + [r′(ϕ)]2dϕ. (4)

Çàìå÷àíèå: Ïðè ðåøåíèè ïîäîáíîãî ðîäà çàäà÷ ÷àñòî âîçíèêàþò ñëåäóþùèå èíòåãðàëû:∫ √
x2 ± 1 dx =

x

2

√
x2 ± 1 ± 1

2
ln
∣∣x+

√
x2 ± 1

∣∣ + C,

∫
dx√
x2 ± 1

= ln
∣∣x+

√
x2 ± 1

∣∣+ C,

∫ √
1− x2 dx =

x

2

√
1− x2 +

1

2
arcsinx + C.

Çàìå÷àíèå: Âñå ïàðàìåòðû â ýòîì ëèñòî÷êå ñ÷èòàþòñÿ ïîëîæèòåëüíûìè.
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37.1. (2432, 2435, 2436, 2438)

Íàéäèòå äëèíû äóã, çàäàííûõ â äåêàðòîâûõ êîîðäèíàòàõ:

(à) • y2 = 2px, 0 6 x 6 x0;

(á) x =
1

4
y2 − 1

2
ln y, 1 6 y 6 e;

(â) y = a · ln a2

a2 − x2
, 0 6 x 6 b < a;

(ã) x = a · ln a+
√
a2 − y2

y
−
√
a2 − y2, 0 < b 6 y 6 a;

(ä) y = ln (1+cos x), 0 6 x 6
π

2
; (å) • y =

1

2

(
ln (cosx)+ ln (sinx)

)
,

π

6
6 x 6

π

3
.

37.2. (2440, 2442, 2443)

Íàéäèòå äëèíû äóã ñëåäóþùèõ êðèâûõ:

(à) • x2/3 + y2/3 = a2/3 (àñòðîèäà);

(á) x = cos4 t, y = sin4 t;

(â) x = a(t− sin t), y = a(1− cos t), 0 6 t 6 2π;

(ã) x = et cos t, y = et sin t, 0 6 t 6 ln π.

37.3. (2446, 2448, 2450, 2452)

Íàéäèòå äëèíû äóã êðèâûõ, çàäàííûõ â ïîëÿðíîé ñèñòåìå êîîðäèíàò:

(à) • r = aϕ, 0 6 ϕ 6 2π (ñïèðàëü Àðõèìåäà);

(á) r = a(1 + cosϕ) (êàðäèîèäà);

(â) r = a sin3 ϕ

3
;

(ã) ϕ =
1

2

(
r +

1

r

)
, 1 6 r 6 3;

(ä) ϕ =
√
r, 0 6 r 6 5;

(å) r =
1

1 + cosϕ
, −π

2
6 ϕ 6

π

2
.
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37.4.

(à) • Íàéäèòå ïåðèìåòð êðèâîëèíåéíîãî òðåóãîëüíèêà, îãðàíè÷åííîãî äóãîé îêðóæíî-

ñòè x2 + y2 = 2 è ãðàôèêîì ôóíêöèè y =
√
|x|;

(á) • Íàéäèòå ðàäèóñ îêðóæíîñòè ñ öåíòðîì â íà÷àëå êîîðäèíàò, êîòîðàÿ äåëèò äóãó

àñòðîèäû

x2/3 + y2/3 = a2/3, x > 0, y > 0

íà òðè äóãè ðàâíîé äëèíû.

37.5. Íàéäèòå äëèíó äóãè êðèâîé r = u · e2u, ϕ = u2 + 2u, 0 6 u 6 2.

37.6. Íàéäèòå äëèíó äóãè ïðîñòðàíñòâåííîé êðèâîé:

(à) x = t sin t, y = t cos t, z =
2t
√

2t

3
îò òî÷êè A(0; 0; 0) äî òî÷êè B

(
0; 2π;

8π
√
π

3

)
;

(á) x2 = 2az − z2, y = a ln
(

1− z

2a

)
, 0 6 z 6 z0 < 2a.

37.7. • Íàéäèòå äëèíó äóãè ýëëèïñà:
x2

a2
+
y2

b2
= 1, 0 < b < a.

37.8. Íàéäèòå äëèíó íåÿâíî çàäàííîé êðèâîé:

(à) (y − arcsinx)2 = 1− x2;

(á)
√
x+
√
y =
√
a.
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37.9. ?

(à) Äîêàæèòå, ÷òî äëèíà ýëëèïñà
x2

a2
+
y2

b2
= 1, a > 0, b > 0, ðàâíà äëèíå ñèíóñîèäû

y =
√
a2 − b2 sin

x

b
, 0 6 x 6 2πb;

(á) Äîêàæèòå, ÷òî äëèíà s ýëëèïñà ñ ïîëóîñÿìè a è b óäîâëåòâîðÿåò íåðàâåíñòâàì

π(a+ b) < s < π
√

2 (a2 + b2).

37.10. ? Ïðè êàêèõ ðàöèîíàëüíûõ ÷èñëàõ α (α 6= 0) äëèíà äóãè êðèâîé

y = axα, 0 < x0 6 x 6 t,

ÿâëÿåòñÿ ýëåìåíòàðíîé ôóíêöèåé îò t?

37.11. ? Íàéòè â ïåðâîì êâàäðàíòå x > 0, y > 0 ãëàäêóþ êðèâóþ, âûõîäÿùóþ èç òî÷êè

(a; 0), ó êîòîðîé äëèíà îòðåçêà ëþáîé êàñàòåëüíîé îò òî÷êè êàñàíèÿ äî òî÷êè ïåðåñå÷åíèÿ

ñ îñüþ îðäèíàò ðàâíà a.
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Âû÷èñëåíèå îáúåìîâ è ïëîùàäåé ïîâåðõíîñòåé
Ìàòåì. àíàëèç

ëèñòîê 38

Åñëè îáúåì òåëà V ñóùåñòâóåò è S = S(x) [a 6 x 6 b] åñòü ïëîùàäü ñå÷åíèÿ òåëà

ïëîñêîñòüþ, ïåðïåíäèêóëÿðíîé ê îñè Ox â òî÷êå x, òî

V =

b∫
a

S(x) dx. (1)

Ïóñòü ôóíêöèÿ y = y(x) íåïðåðûâíà è íåîòðèöàòåëüíà íà îòðåçêå

[a; b]. Îáú¼ì V òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè Ox ôèãóðû

Φ, îãðàíè÷åííîé ãðàôèêîì ôóíêöèè y, îòðåçêàìè ïðÿìûõ x = a,

x = b è îòðåçêîì îñè Ox, ðàâåí

V = π

b∫
a

y2(x) dx. (2)

Â áîëåå îáùåì ñëó÷àå îáú¼ì êîëüöà, îáðàçîâàííîãî âðàùåíèåì âîêðóã

îñè Ox ôèãóðû
{
a 6 x 6 b, y1(x) 6 y 6 y2(x)

}
, ãäå y1(x) è y2(x) �

íåïðåðûâíûå íåîòðèöàòåëüíûå ôóíêöèè, ðàâåí

V = π

b∫
a

[
y2

2(x)− y2
1(x)

]
dx. (3)

Ïóñòü y = y(x) � íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà îòðåçêå [a; b] ôóíêöèÿ. Ïëîùàäü S

ïîâåðõíîñòè, îáðàçîâàííîé ïðè âðàùåíèè ãðàôèêà ýòîé ôóíêöèè âîêðóã îñè Ox, ðàâíà

S = 2π

b∫
a

|y(x)|
√

1 +
(
y′(x)

)2
dx. (4)

Ïóñòü êðèâàÿ çàäàíà ïàðàìåòðè÷åñêè óðàâíåíèÿìè x = x(t), y = y(t), t ∈ [α; β], ãäå

x(t) è y(t) � íåïðåðûâíî äèôôåðåíöèðóåìûå íà [α; β] ôóíêöèè. Ïëîùàäü S ïîâåðõíîñòè,

îáðàçîâàííîé ïðè âðàùåíèè ãðàôèêà äàííîé êðèâîé âîêðóã îñè Ox, ðàâíà

S = 2π

β∫
α

|y(t)|
√(

x′(t)
)2

+
(
y′(t)

)2
dt. (5)

Çàìå÷àíèå: Âñå ïàðàìåòðû â ýòîì ëèñòî÷êå ñ÷èòàþòñÿ ïîëîæèòåëüíûìè.
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38.1. (2463, 2465) Íàéäèòå îáú¼ì òåëà, îãðàíè÷åííîãî ïîâåðõíîñòÿìè:

(à) •
x2

a2
+
y2

b2
+
z2

c2
= 1, (ýëëèïñîèä);

(á) x2 + z2 = a2, y2 + z2 = a2, (äâà ïðÿìûõ êðóãîâûõ öèëèíäðà);

38.2. (2462) Íàéäèòå îáú¼ìû òåë, îãðàíè÷åííûõ ñëåäóþùèìè ïîâåðõíîñòÿìè:

(à) •
x2

a2
+
y2

b2
= 1, z =

c

a
x, z = 0;

(á) x2 + y2 = R2,
x

R
+

z

H
= 1,

x

R
− z

H
= −1, y = 0, z = 0.

38.3. (2471) •

Äîêàæèòå, ÷òî îáú¼ì òåëà, îáðàçîâàííîãî âðàùåíèåì âîêðóã îñè Oy ïëîñêîé ôèãóðû

{a 6 x 6 b; 0 6 y 6 y(x)}, ãäå y � îäíîçíà÷íàÿ íåïðåðûâíàÿ ôóíêöèÿ ðàâåí:

V = 2π

b∫
a

x · y(x) dx (6)

38.4. (2472,2473,2479,2480)

Íàéäèòå îáú¼ìû òåë Vγ, îãðàíè÷åííûõ ïîâåðõíîñòÿìè, ïîëó÷åííûìè ïðè âðàùåíèè îò-

ðåçêàìè ñëåäóþùèõ ëèíèé âîêðóã ïðÿìîé γ:

(à) y = b
(x
a

)2/3

, (0 6 x 6 a), Vy=0 =? (íåéëîèä);

(á) • y = 2x− x2, y = 0, Vy=0 =? Vx=0 =?

(â) y = e−x
√

sinx, (0 6 x < +∞), Vy=0 =?

(ã) x = a(t− sin t), y = a(1− cos t), (0 6 t 6 2π), y = 0, (öèêëîèäà);

Vy=0 =? Vx=0 =? Vy=2a =?
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38.5. Íàéäèòå îáú¼ìû òåë, îãðàíè÷åííûõ ïîâåðõíîñòÿìè, îáðàçîâàííûìè âðàùåíèåì

ñëåäóþùèõ ëèíèé:

(à) • y = 4− x2, y = 3x, y = 0, Vy=0 =?

(á) x = a cos3 t, y = a sin3 t, 0 6 t 6 2π, Vy=0 =? (àñòðîèäà)

(â) y = 2− x2

2
, x+ y = 2 Vx+y=2 =?

38.6. (2487,2492)

Íàéäèòå ïëîùàäè ïîâåðõíîñòåé, îáðàçîâàííûõ âðàùåíèåì ñëåäóþùèõ êðèâûõ:

(à) y = a cos
πx

2b
, |x| 6 b, Sy=0 =?

(á) • x2/3 + y2/3 = a2/3, Sy=0 =?

(â) 2ay = x2 − a2, 0 6 x 6 2
√

2 a, Sy=0 =? Sx=0 =?

(ã) x2 + 4y2 = 36, Sy=0 =?

(ä) 9x2 = y(3− y)2, y ∈ [0; 3], Sy=0 =?

38.7. Íàéäèòå ïëîùàäü áîêîâîé ïîâåðõíîñòè, îáðàçîâàííîé âðàùåíèåì êðèâîé

x = 2 sin t, y = 2 cos2 t, t ∈
[
0;
π

2

]
âîêðóã îñè Oy.
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Ïóñòü íà öèëèíäðè÷åñêîé ïîâåðõíîñòè çàäàíû ïàðàìåòðè÷åñêè

äâå êðèâûå L1 è L2 óðàâíåíèÿìè

x = x(t), y = y(t), z = z1(t), z = z2(t), t ∈ [α; β],

ãäå ôóíêöèè x(t) è y(t) � íåïðåðûâíî äèôôåðåíöèðóåìû, à z1(t) è

z2(t) íåïðåðûâíû íà îòðåçêå [α; β]. Òîãäà ïëîùàäü öèëèíäðè÷åñêîé

ïîâåðõíîñòè, çàêëþ÷åííîé ìåæäó êðèâûìè L1 è L2 è îáðàçóþùèìè,

ñîîòâåòñòâóþùèìè t = α è t = β, ðàâíà

S =

β∫
α

(
z2(t)− z1(t)

)√(
x′(t)

)2
+
(
y′(t)

)2
dt. (7)

38.8. Íàéäèòå ïëîùàäü ÷àñòè öèëèíäðè÷åñêîé ïîâåðõíîñòè
x2

4
+ y2 = 4, îòñå÷åííîé

êîíè÷åñêîé ïîâåðõíîñòüþ
x2

16
+ y2 = z2.

38.9. ?

(à) Ðàäèóñ êàæäîãî èç äâóõ êðóãîâûõ öèëèíäðîâ ðàâåí r, îñè ýòèõ öèëèíäðîâ ïåðåñåêà-

þòñÿ è ïåðïåíäèêóëÿðíû. Íàéäèòå ïëîùàäü ÷àñòè îäíîãî öèëèíäðà, ðàñïîëîæåííîé âíóòðè

äðóãîãî.

(á) Ðàäèóñ êàæäîãî èç òð¼õ êðóãîâûõ öèëèíäðîâ ðàâåí r, îñè âñåõ òð¼õ öèëèíäðîâ

ïåðåñåêàþòñÿ â îäíîé òî÷êå è ïîïàðíî ïåðïåíäèêóëÿðíû. Íàéäèòå ïëîùàäü ïîâåðõíîñòè

òåëà, îãðàíè÷åííîãî ýòèìè òðåìÿ öèëèíäðàìè.

38.10. ? Íàéäèòå îáú¼ì ñå÷åíèÿ ÷åòûð¼õìåðíîãî êóáà

{x ∈ R4
∣∣ 0 6 xk 6 1, k = 1, 4}

ãèïåðïëîñêîñòüþ x1 + x2 + x3 + x4 = 2.
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